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Scalar Field Analysis

Setting: X topological space, f : X→ R

Input: A finite sampling L of X, the values of f at the sample points

Goal: Analyze landscape of graph(f):

- prominent peaks/valleys

- basins of attraction

R

X

L

f



2

Motivating Applications

• Sensor networks: 2◦C

- collection of sensors displayed in an area

- sensors measure same physical quantity φ

- sensors communicate within radius δ

Goal: Analyze landscape of φ

11◦C

23◦C



prominent =¿ detect relevant number of clusters; stability of persistence gives theoretical foundation to use of density estimator
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Motivating Applications

• Sensor networks:

• Unsupervised learning:

- data points drawn at random from some unknown density distribution f

- approximate f through some density estimator f̂

- cluster data points according to prominent basins of attraction of f̂

(cf. Mean-Shift)

density

estimation
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Persistence-Based Approach

Assumptions: X triangulated space, f : X→ R Lipschitz continuous

→ build PL approximation f̂ of f

X

→ apply persistence algo. to ±f̂ [Edelsbrunner, Letscher, Zomorodian ’00]
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(6 prominent peaks)
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Persistence-Based Approach

Assumptions: X triangulated space, f : X→ R Lipschitz continuous

→ build PL approximation f̂ of f

X

→ apply persistence algo. to ±f̂ [Edelsbrunner, Letscher, Zomorodian ’00]

f̂
−f̂ −f̂

β0 β1

(6 prominent peaks) (ring-shaped basin of attraction)
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Persistence-Based Approach

in a nutshell...

α

X

R

- evolution of topology of sub-level sets f̂−1((−∞, α]) as α spans R.
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Persistence-Based Approach

in a nutshell...

X

R

- evolution of topology of sub-level sets f̂−1((−∞, α]) as α spans R.

- finite set of intervals (barcode) encode birth/death of homological features.

- barcode of f̂ is close to barcode of f provided that ‖f̂ − f‖∞ is small.

[Cohen-Steiner, Edelsbrunner, Harer ’05]



(cf. clustering on Riemannian manifolds or submanifolds)

(cf. clustering)

(cd. sensor networks)

→ what if no triangulation of X is available?

- high-dimensional spaces,

- intrinsically curved spaces,

- no geographic information,

- non-triangulable spaces.



(cf. clustering on Riemannian manifolds or submanifolds)

(cf. clustering)

(cd. sensor networks)

→ what if no triangulation of X is available?

- high-dimensional spaces,

- intrinsically curved spaces,

- no geographic information,

- non-triangulable spaces.

→ Approximate sub-level sets

α

X

R

of f by other means
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• Triangulation

• Stability of persistence diagrams
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- interleaved spaces have close persistence diagrams
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Approximation of Sub-Level Sets

• Triangulation

• Stability of persistence diagrams

· · · // φa+2nε

&&LLLLLLLLLL
// φa+(2n+1)ε

// φa+(2n+2)ε

$$IIIIIIIIII
// · · ·

· · ·

<<xxxxxxxxx // ψa+2nε
// ψa+(2n+1)ε

77ppppppppppp
// ψa+(2n+2)ε

// · · ·

- interleaved spaces have close persistence diagrams

• Goal: Relate level sets to something computable

First step ....
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Unions of Geodesic Balls

L geodesic ε-cover of X, for some unknown ε > 0.

Fα := f−1((−∞, α])

Fα

Fα+cε

∀α ∈ R, Fα ⊆ Lεα+cε ⊆ Fα+2cε

ε

Lα := L ∩ Fα
Lεα :=

S
p∈Lα BX(p, ε)

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,
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Unions of Geodesic Balls

L geodesic ε-cover of X, for some unknown ε > 0.

Fα := f−1((−∞, α])

Fα

Fα+cε

∀α ∈ R, Fα ⊆ Lεα+cε ⊆ Fα+2cε

ε

Lα := L ∩ Fα
Lεα :=

S
p∈Lα BX(p, ε)

the nested families of spaces
{Fα}α∈R and {Lεα}α∈R

are cε-interleaved

⇓
their barcodes are cε-close.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,

[Chazal, Cohen-Steiner, Glisse, Guibas, Oudot ’09]
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Unions of Geodesic Balls

L geodesic ε-cover of X, for some unknown ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build the union of balls {p1, · · · , pi}δ,

(parameter δ ≥ 0)

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,

{p1}δ ↪→ {p1, p2}δ ↪→ {p1, p2, p3}δ ↪→ · · · ↪→ {p1, p2, · · · , pn}δ

3. Apply the persistence algorithm to the nested family of spaces.



4

Unions of Geodesic Balls

L geodesic ε-cover of X, for some unknown ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),
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δ has to be large enough, so that the δ-balls cover X. On the other hand, the larger δ, the less accurate the approximation.
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Unions of Geodesic Balls

L geodesic ε-cover of X, for some unknown ε > 0.

Algorithm:
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Unions of Geodesic Balls

L geodesic ε-cover of X, for some unknown ε > 0.

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build the union of balls {p1, · · · , pi}δ,

or equivalently its nerve N δ(p1, · · · , pi),

(parameter δ ≥ 0)

N δ(p1) ↪→ N δ(p1, p2) ↪→ N δ(p1, p2, p3) ↪→ · · · ↪→ N δ(p1, p2, · · · , pn)

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,

3. Apply the persistence algorithm to the nested family of spaces.

In
tr
ac
ta
bl
e
in

pr
ac
tic

e



5

Pairs of Rips Complexes

→ idea inspired from [Chazal, Oudot ’08]:

∀i = 1, · · · , n, replace {p1, · · · , pi}δ by Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi)

L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,



version 1 of the BK algorithm uses a branch-and-bound technique to enumerate all cliques in the neighborhood graph
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Pairs of Rips Complexes

→ idea inspired from [Chazal, Oudot ’08]:

- connect every pair of points (pj , pk) such that dX(pj , pk) ≤ 2δ,

- report all cliques in the graph.

Construction of R2δ(p1, · · · , pi):

δ

∀i = 1, · · · , n, replace {p1, · · · , pi}δ by Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi)

L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,

[Bron, Kerbosch ’73]



version 1 of the BK algorithm uses a branch-and-bound technique to enumerate all cliques in the neighborhood graph

⇒ the approach becomes tractable

5

Pairs of Rips Complexes

→ idea inspired from [Chazal, Oudot ’08]:

- connect every pair of points (pj , pk) such that dX(pj , pk) ≤ 2δ,

- report all cliques in the graph.

Construction of R2δ(p1, · · · , pi):

δ

→ uses only geodesic distances

between the data points

∀i = 1, · · · , n, replace {p1, · · · , pi}δ by Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi)

→ takes O(n2 + Cn) time

L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,

[Bron, Kerbosch ’73]
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Pairs of Rips Complexes

N 2δ(p1) ↪→ N 2δ(p1, p2) ↪→ · · · ↪→ N 2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

R2δ(p1) ↪→ R2δ(p1, p2) ↪→ · · · ↪→ R2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

N δ(p1) ↪→ N δ(p1, p2) ↪→ · · · ↪→ N δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

Rδ(p1) ↪→ Rδ(p1, p2) ↪→ · · · ↪→ Rδ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

N δ/2(p1) ↪→ N δ/2(p1, p2) ↪→ · · · ↪→ N δ/2(p1, p2, · · · , pn)

Guarantees:

L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,



Nerves are related to their dual unions of balls, which are interleaved with the sublevel sets of f

By doing diagram chasing in this big (partially commutative) diagram, we can prove that {Fα}α∈R and {Rδ(Lα) ↪→ R2δ(Lα)}α∈R are 2cδ-interleaved (cf. next view)

5

Pairs of Rips Complexes

N 2δ(p1) ↪→ N 2δ(p1, p2) ↪→ · · · ↪→ N 2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

R2δ(p1) ↪→ R2δ(p1, p2) ↪→ · · · ↪→ R2δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

N δ(p1) ↪→ N δ(p1, p2) ↪→ · · · ↪→ N δ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

Rδ(p1) ↪→ Rδ(p1, p2) ↪→ · · · ↪→ Rδ(p1, p2, · · · , pn)

↪→ ↪→ ↪→

N δ/2(p1) ↪→ N δ/2(p1, p2) ↪→ · · · ↪→ N δ/2(p1, p2, · · · , pn)

Fα0 ⊆ {p1}δ/2 ⊆ {p1}2δ ⊆ Fα1 ⊆ · · · · · · ⊆ Fαn−1 ⊆ {p1, · · · , pn}δ/2 ⊆ {p1, · · · , pn}2δ

Guarantees:

L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,



the bound of this theorem has been improved since the writing of the final version of the SODA paper.

here, interleaved is in some generalized sense, because arrows of the diagrams may not represent inclusions -¿ see paper
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Pairs of Rips Complexes

∀δ ≥ ε, {Fα}α∈R and {Rδ(Lα) ↪→ R2δ(Lα)}α∈R are 2cδ-interleaved

⇓
their barcodes are 2cδ-close.

[Chazal, Cohen-Steiner, Glisse, Guibas, Oudot ’09]

Guarantees:

L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,



purple = what changes compared to previous algorithm
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Pairs of Rips Complexes

Algorithm:

1. Sort the data points such that f(p1) ≤ f(p2) ≤ · · · ≤ f(pn),

2. For i = 1, · · · , n, build Rδ(p1, · · · , pi) ⊆ R2δ(p1, · · · , pi),

3. Apply the persistence algorithm for images to the pair of filtrations.

(parameter δ ≥ 0)

[Cohen-Steiner, Edelsbrunner, Harer, Morozov ’09]
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Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,
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Pairs of Rips Complexes
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L geodesic ε-cover of X, for some unknown ε > 0.

Assumptions: X Riemannian manifold, f : X→ R c-Lipschitz,



In fact, we get the basins of attraction almost for free, as a by-product of our approach.

⇒ very fast in practice

only merge clusters merge that are younger than a user-defined threshold
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Basins of Attraction

Goal: approximate basins of attraction of significant peaks of f

⇒ segmentation/clustering of point cloud L

Approach:

• rough approximation of gradient
of f within Rips graph,

• merge clusters according to
0-dimensional barcode.

→ union-find data structure

see SODA ’09
paper for details( )



β0 =¿ 4 prominent peaks; β1 =¿ their basins are ring-shaped + they form another loop once connected; β2 =¿ the space X has a torus shape.
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Some Results

β0 β1 β2
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Some Results

Input: X = [0, 1]2; |L| = 100, 000;

f = # { data pts in fixed-radius ball }

f
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Some Results

Input: X = [0, 1]2; |L| = 100, 000;
δ = 0.015

f = # { data pts in fixed-radius ball }
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Some Results

Input: X = [0, 1]2; |L| = 100, 000;
δ = 0.01

f = # { data pts in fixed-radius ball }
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Take-Home Message(s)

• Extensions:

– robustness to noise,

– partially-sampled spaces,

– time-varying scalar fields,

– non-manifold Alexandrov spaces.

• Extension of the persistence paradigm to non-triangulated or non-
triangulable spaces.

• New applications of the persistence-based approach: clustering.
shape segmentation, ... any problem cast into the one of finding
significant peaks in some scalar field over a sampled space.


