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The 2D order-k line space Voronoi Diagram

Definition
Given n sites (points) in the plane, the 2D order-k line space Voronoi
Diagram is the partition of the set of lines of the plane according to the
k sites they are nearest to.
It is a partition into:
faces: lines closer to k sites
edges: lines equidistant to two sites and closer to k—1 another
sites
vertices: lines equidistant to three sites and closer to k—1 (resp.
k—2) another sites
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Elements of the diagram

Faces
A line / is closer to k site (pj,, - - -, pj)
@ <= there exists a strip centered in / containing only the k sites

@ < the strip centered in / passing through the farthest site
contains only the k—1 other ones

farthest sit
° L4 °
° ° 2 ° ° b—1
! } I } .
sites sites
N B Y B
Such a line belongs to a face f%(p;;, ..., p;,) of the diagram
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Elements of the diagram

Edges

@ A line passes
— from the face f*(pj,., ..., pi_, Pj,)
— to the face f*(pj,, ..., Pi_,,P})
when the farthest point p;, is replaced by another one p;,
(different from the other k—1 sites)

o by CrOSSing the edge ek((pf1 9 7pik_1 )7 (p]1 ) pjz))’
when p;, and p;, are the farthest equidistant sites

@ Aline I belongs to an edge <= the strip centered in / passing
through p;, and p;, contains only the other k—1 sites
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Elements of the diagram
Edges

@ p;, and p;, are on the same border of the strip
= | is parallel to (p;,, p,)

Jo I:Jg
K o .
e ((Piys--->Pi_), (P> P)) 1 = k—1sites
[ ]

@ p;, and p;, are on the opposite sides of the strip
= | passes through the midpoint mp,

m
PjPjy @ .
e,’§7((p,-1 70009/ _ ), (pj1 , pfz)) l L2 }k—l sites

v
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Elements of the diagram

Vertices
@ Aline passes
— from the edge eX((p;., - .-, Pi_,): (P, Pp))
—to the edge ek((pi1 y s Py )7 (pjwp]s))
when the farthest point p;, is replaced by another one p;, :
(1) different from the other k—1 sites
(2) belonging to the other k—1 sites
@ by crossing the vertex
(1) V51 ((pf1 y e Pik_y ), (pj1 s Pla s pjs))
(2) Vﬁz((ph 9000 7pik72)7 (p/1 s Pl s P4 ))
when p;,, pj,, and p;, are the farthest equidistant sites

@ Aline /is a vertex <= the strip centered in / passing through p,,

Pi,» and pj,
(1) contains only the other k—1 sites
(2) contains only the other k—2 sites

v
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Elements of the diagram

Vertices

vE (P, -

vEa((py - -

o /is parallel to (p;,, pj,) and passes through the midpoints my, 5.

Ny Jis
° ° .
) pfk_1 )) (ph ) pj27 pjs)) lm { }k—] sites
“PiPis @ 'pjyPj
pj3
b P
Ny Jis
[ )

s Pik_» s (p/1 s Pz s pfs)) l

and mp, p,

= a vertex is incident to one e~ edge and to two e, edges

o
}k—2 sites
mq,. .

v
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Elements of the diagram

Vertices

. p.
1 o I J1 J2
Vi (Pjys Pg) ® ®

o /is parallel to (p;,, pj,) and passes through the midpoint mp, 5,
= a v, vertex is incident to two eX edges and to two ef, edges

v
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The 2D line space Voronoi Diagram in the scene
Exemples of elements of the 2D line space Voronoi Diagram:
@ Face

r
\ o
e pr rq _.--
OO
O
O O O
p O pq----- ... q
ol mps o sq Tl
S
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The 2D line space Voronoi Diagram in the scene
Exemples of elements of the 2D line space Voronoi Diagram:

@ Edges

r
N ®
~~__ pr rq
R = sy =N
SN s e
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The 2D line space Voronoi Diagram in the scene
Exemples of elements of the 2D line space Voronoi Diagram:

@ \ertex

-
o
m m
pr rq
N\ N\
/ % rs /
o) O o)
p O rq O q
m ps . sq
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The 2D line space Voronoi Diagram in the scene
Exemples of elements of the 2D line space Voronoi Diagram:

@ Faces and incidents edges and vertex

r
_ o
>~ m m _
T pr rq__—
= S~ o
S~ . ST O

Stéphane Riviere (Université de Haute—Alsac| 2D order-k line-space Voronoi diagram JGA 2009

12/29



Duality

@ Sets of lines and their incidence relationships are difficult to see
directly

@ We use a duality relationship between lines and points: a bijection
which transforms a line / into a point /* and a point p into a line p*
in the dual space such that incidence relationships are preserved
(or reversed): p € ¥ < I* ¢ p*F

scene p p I* dual
%
Pe % lo
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Duality (cont.)

We use the following duality relationship:
@ /:y=ax+b—I"(a —b)
@ p(a,b) - p*:y=ax—b
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The line space Voronoi diagram in dual space
Around a v_4 vertex

?(pil’ e Py POj1oP;0))

vertex v_k{( P,

L 1)( Jr 12 3))
A v_4 vertex is "Y" shaped, incident to one g, edge and two e, edges
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The line space Voronoi diagram in dual space

Around a v_» vertex

¥
r]:f( PixPip P rf(( 1’1’11’ e P9
(pﬂ,plk_])) | 2
Bolp-1. .- BB

oftpi - Pip-10j17j2
vertex v_kgpif  Pig o) iy P J2” 13))

A v_, vertex is "Y" shaped, incident to one e, edge and two e, edges

[m] = = =
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The line space Voronoi diagram in dual space

Around a v', vertex

°
m m
mpr rq
—op A P9 ®
e e q
Mps @ Msq

A v',(pq) vertex is the intersection of Iing @nd mg,
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The line space Voronoi diagram in dual space
Exemple of a order-1 line space Voronoi diagram

-
[ ]
m
pr rq
o m, O
o
[ ] e [ ]
p O i mO q
s [ ] sq
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The line space Voronoi diagram in dual space
Exemple of a order-2 line space Voronoi diagram

-
[ ]
m m
pr rq
o m, O
o
[ ] o] [ ]
p O PO q
Mps [ ] sq

I 3 N
Fa s o Mg ' I
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The line space Voronoi diagram in dual space
Exemple of a order-3 line space Voronoi diagram

-
[ ]
m m
pr rq
o m, O
[ ] o] [ ]
p O PO q
Mps [} sq
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k-sets and order-k line space Voronoi

k-sets and order-k line space Voronoi
@ a k-set if a set of k sites separable from the others by a line

@ let L, be the set of lines passing through two sites having exaclty
k sites on one of its side : |Lx| = |(k+1)-set]|

o Y7 "isset| = n(n—1) and Y¥ |i-set| = ©(nk)

@ aline / € Ly, corresponds to a vk, (resp. vX,) vertex for m > k
(resp. m> k—1):

J Ji
——————o— RN o’
[ ) [ ] o o
- vk k-1 sites
° E<sites L °
° et
() e () J3 o
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The order-k line space Voronoi diagram in dual space

Size
@ The order-k diagram of n sites has
n(n—1) — S5 |iset|
A(n—1) S et
n(n—1) — f ! i-set]
2(n(n—1) — X571 |iset|) — |Kk-set| + n—k
n(n—1) = S5 |icset| + n—k+1

vertices
vertices
edges
edges
faces

@ lts size varies from quadratic (order-1) to linear (order-n—1)

Computation

@ We can perform a topological sweep of the order-k diagram in
O(n?) time thanks to a topological sweep of the dual line

arrangement of the sites.
@ which is optimal for k < (n+1)/2

v
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Order-k and order-k+1 line space Voronoi diagram
Computing the order-k+1 diagram from the order-k one

Vertices of the order-k+1 diagram can be obtained from the ones of
the order-k diagram :

e v vertices are obtained by "inverting" vX, vertices

o | T
Bohs BiBs

@ new v vertices are created from some v¥, vertices
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Applications and perspectives

Some applications
@ finding the k nearest sites to a given line in O(log n) time

e finding the largest k-dense corridor in O(n?) time and O(n)
working space

Perspectives
@ dealing with degeneracies, numerical precision

@ study of other generalizations of the line space Voronoi Diagram

sites other than points,
taking visibility into account, . ..
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